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Abstract. We study three types of generalized partial fractional op- 
erators. An extension of Green's theorem, by considering partial frac- 
tional derivatives with more general kernels, is proved. New results 
are obtained, even in the particular case when the generalized oper- 
ators are reduced to the standard partial fractional derivatives and 
fractional integrals in the sense of Riemann-Liouville or Caputo. 
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1. Introduction 

In 1828, the English mathematician George Green (1793-1841), who up 
to his forties was working as a baker and a miller, published an essay where 
he introduced a formula connecting the line integral around a simple closed 
curve with a double integral. Within years, this result turned out to be 
useful in many fields of mathematics, physics and engineering [HI6"]I15]I17]. 
Generalizations of Green's theorem have chosen different directions, and 
are known as the Kelvin-Stokes and the Gauss-Ostrogradsky theorems. 

In this paper, in contrast with previous works, we want to state a 
Green's theorem for generalized partial fractional derivatives. Notions of 
generalized fractional derivatives were introduced in [HE], anc ^ then devel- 
oped in [11] 112] . A fractional version of the Green theorem has been already 
showed for Riemann-Liouville integrals and Caputo derivatives [18] , and 
for fractional operators in the sense of Jumarie j3]. However, generalized 
fractional operators have never been considered. Our result may be useful 
in the theory of fractional calculus (see, e.g., [HI [IS]), in particular 
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for the two-dimensional fractional calculus of variations, where the deriva- 
tion of Euler-Lagrange equations uses, as a key step in the proof, Green's 
theorem [31 El EH [13] . 

The paper is organized as follows. In Section [2] a common review of 
ordinary and partial generalized fractional calculus is given. Our results 
are then formulated and proved in Section [3j we show the two-dimensional 
integration by parts formula for generalized Riemann-Liouville partial frac- 
tional integrals (Theorem 13. ip and Green's theorem for generalized partial 
fractional derivatives (Theorem I3.2|) . 



2. Basic Notions 

In this section we give definitions of generalized ordinary and partial 
fractional operators. By the choice of a certain kernel, these operators can 
be reduced to the standard fractional integrals and derivatives. For more 
on the subject, we refer the reader to [H [21 [8j [TT], [T2] . 

2.1. Generalized fractional operators. 

Definition 2.1 (Generalized fractional integral). The operator Kp is 
given by 

t b 
(K$f) (t) := P J k a (t,T)f(r)dr + q J k a (r,t)f(r)dT, 

a t 

where P = (a,t,b,p, q) is the parameter set (p-set for brevity), t € [a, b], 
p, q are real numbers, and k a (t, r) is a kernel which may depend on a. The 
operator Kp is referred as the operator K (K-op for simplicity) of order a 
and p-set P. 

Theorem 2.1 (Theorem 2.3 of [II]). Let k a be a difference kernel, i.e., 
k a (t,r) = k a (t-T) and k a € L x {[a,b]). Then, Kf, : L x ([a, b\) -)• L x ([a,b]) 
is well defined, bounded and linear operator. 

The K-op reduces to the classical left or right Riemann-Liouville frac- 
tional integral (see, e.g., [3[l4]) for a suitably chosen kernel k a (t,r) and 
p-set P. Indeed, let k a (t - r) = ^(t - r) Q_1 . If P = {a, t, b, 1,0), then 

t 
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is the left Riemann-Liouville fractional integral of order a; if P = (a, t, b, 0, 1), 
then 

b 

t 

is the right Riemann-Liouville fractional integral of order a. 



Definition 2.2 (Generalized Riemann-Liouville derivative). Let P 
be a given parameter set. The operator Ap, < a < 1, is defined for 
functions / such that K l p ~ a f G AC ([a,b]) by Ap := | o K p ~ a , where D 
denotes the standard derivative. We refer to Ap as operator A (A-op) of 
order a and p-set P. 

Definition 2.3 (Generalized Caputo derivative). Let P be a given 
parameter set. The operator Bp, a G (0, 1), is defined for functions / such 
that / G AC ([a, b]) by Bp := Kp _a o ^ and is referred as the operator B 
(B-op) of order a and p-set P. 



Let fei_ Q (* - r) = (t - r)- Q , a G (0, 1). If P = (a, t, b, 1, 0), then 

t 

a 

is the standard left Riemann-Liouville fractional derivative of order a while 

t 

(B a P f) (t) = J(t- TT a f'(T)dT =: { C a D«f) (t) 

a 

is the standard left Caputo fractional derivative of order a; if P = (a, t, b, 0, 1), 
then 

b 

- (A P f) (t) = -p^yl jij - t)- a f(r)dr =: ( t D?f) (t) 

t 

is the standard right Riemann-Liouville fractional derivative of order a 
while 

b 

- {B« P f) (t) = " f ^y fir- t)- a f'(r)dr =: (f Dgf) (t) 

t 

is the standard right Caputo fractional derivative of order a. 



4 



T. ODZIJEWICZ, A.B. MALINOWSKA, D.F.M. TORRES 



2.2. Generalized partial fractional operators. Let a be a real number 
from the interval (0, 1), A n = [ai, b\\ x- • -x [a n , b n ], n € N, be a subset of IR n , 
t = (ti, ...,t n ) be a point in A n and p = (pi, . . . ,p n ), q = (q u ... ,q n ) G 
M n . Generalized partial fractional integrals and derivatives are a natural 
generalization of the corresponding one-dimensional generalized fractional 
integrals and derivatives. 

Definition 2.4 (Generalized partial fractional integral). Let function 
/ = f(t\, . . . ,t n ) be continuous on the set A n . The generalized partial 
Riemann-Liouville fractional integral of order a with respect to the iih 
variable U is given by 



bi 

+ 1iJ M r > ti)f(tl,---,U-l,T, . . . ,t n )dT, 

U 

where Pt % = {ai,ti,bi,pi,qi}. We refer to Kp t as the partial operator K 
(partial if-op) of order a and p-set Pt t ■ 

Definition 2.5 (Generalized partial Riemann-Liouville derivatives). 
Let Pt t = (ai,ti,bi,pi,qi) and Klr a f € C 1 (A n ). The generalized partial 
Riemann-Liouville fractional derivative of order a with respect to the ith 
variable U is given by 



order a and p-set Pj i . 

Definition 2.6 (Generalized partial Caputo derivative). Let P ti = 
(ai,ti,bi,pi,qi) and / G C 1 (A„). The generalized partial Caputo fractional 
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derivative of order a with respect to the ith variable t{ is given by 

(*vk*) ■= ( K K x °-kf) (t) 

u 

[ 9 

= Pi kl- a (ti,T) — f(t 1 ,...,t i ^i,T,t i+ l,...,t n )dT 

/d 
ki-a(r, tij—fih, . . . ,ti-i,T, t i+ i, . . .,t n )dT 

u 

and is referred as the partial operator B (partial B-op) of order a and p-set 
Pu- 

Similarly as in the one-dimensional case [U [Tl] [12] , the generalized par- 
tial operators K, A and B here introduced give the standard partial frac- 
tional integrals and derivatives for particular kernels and p-sets. The left- 
and right-sided Riemann-Liouville partial fractional integrals with respect 
to the ith variable ti are obtained by choosing the kernel 

ka(U,r) = -^-(t l -rr~ 1 
r(a) 

and p-sets L ti = (a$, ij, bi, 1, 0) and Rt t = (aj, ti, bi, 0, 1), respectively: 

US/) (t) = fe,/) (t) 



t 

1 



T(a) 



(ti - r) a /(ti, . . . ,tj_i,T,tj + i, . . . ,t n )dr, 



tXj) (t) = (*vj (t) 

6i 



r^r [(t — U) f(tl,---,ti-l,T,ti + x,...,t n )dT. 



r( 

The standard left- and right-sided partial Riemann-Liouville and Caputo 
fractional derivatives with respect to the zth variable tj are obtained with 
the choice of kernel fci_ a (ti,r) = mz^xiU - r)~ a : if P ti = (a i; t i; 6j, 1, 0), 
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then 

( ai D-/) {t) = (A% t j) (t) 

u 

1 d 



T(l - a) dU 



(U — t) a f(ti, . . . ,ij_i,T,ij+i, . . . ,t n )dT 



and 



r(i 

if P ti = (ai,ti,bi,0, 1), then 



If _ a d 

_ \ J (U - T ) a -g^f( t i^ ■ ■ ■ ,U-i,r,t i+ i, . . . ,t r 



)dr; 



1 d 



T(l - a) dU 



(t - ti) a f{h, . . . ,ti-l,T,U+l, . . . ,t n )dr 



and 

(ffij) (t) = -fe/) (t) 



1 f _ a d 

r(l - a) J dr 



Remark 2.1. In Definitions 12.41 12.51 and [231 all the variables, ex- 
cept ti, are kept fixed. That choice of fixed values determines a function 
fti,...,t i -i,u +ll ...,t n ■ WM] -> K of one variable ^: 

/ti,...,ti-i,*i+i,...,t n (*i) = • • • > *i— lj *ij • • • >*n)- 

By Definitions EH EJ and E31 ESI ESI we have 

i Kp t Jt 1 ,...,t i . 1 ,t i+1 ,...,t n j (U) = \ K p t j) (h, ■ ■ ■ ,ti-i,ti,ti+i, . . . ,t n ), 



^p t ./ti,...,t i _i,ti + i,...,t„J (*<) — (^Ptj-f) (*!' ' ' ' >*i-l>*i)*i+l> ■ • • i*n)j 
(-Bp t ./ii,...,ti_i,i i+ i J (ti) = [Bp H f \ (h, . . . ,ti-i,ti,t i+ i, . . . ,t n ). 

Therefore, as in the classical integer order case, computation of partial gen- 
eralized fractional operators is reduced to the computation of one-variable 
generalized fractional operators. 
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3. Green's Theorem for Generalized Fractional Derivatives 

Definition 3.1 (Dual p-set). Let P ti = (ai,U,bi,pi,qi), i e N. We 
denote by P t * the p-set P t * = (a^, tj, 6j, Oj,pj) and call it the dual of P ti . 

Theorem 3.1 (Generalized 2D Integration by Parts). Let a € (0, 1), 
Pti = {0"i-,ti,bi,pi,qi) be a parameter set, and k a be a difference kernel, 
i.e., k a (ti,r) = k a (ti — r) such that k a £ Li([0,6j — ai\), i = 1,2. If 
f, g, 7/i, rj2 € C (A2), then the generalized partial fractional integrals satisfy 
the following identity: 



61 62 

1 1 [</(t) (i^) (t) + /(t) (i^) (t) 



di 2 dti 



6l 62 



T7i(t) [(#£.5) (t 



+ %(t) 



ai ai 



where P t * is the dual of P u , i = 1, 2. 
Proof. Define 



dt2dti, 



Fi(t,r) := 



|pifc a (ti - r)| • |y(t)| • 1 771 (r,t 2 ) I if t < ti 
|gifc a (r - ti)| • b(t)| • \vi(r,t 2 )\ if r > ti 



for all (t,r) € [oi,i>i] x [02,62] x [oij^i] an d 



|p 2 ^(t 2 -r)j-|/(t)|-|r/2(ti,r)| if r < t 2 
|?2fca(r-t 2 )| • |/(t)| • \m(ti,r)\ if T>t 2 



for all (t,r) £ [01,61] x [02,62] x [02,62]. Since f,g and r/j, i = 1,2, are 
continuous functions on A 2 , they are bounded on A 2 . Hence, there exist 
real numbers C\, C 2 , C3, C4 > such that 



|/(t)|<Cl, | 5 (t)|<C 2 , |7/l(t)|<C 3 , |7/ 2 (t)|<C 4 , 
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for all t € A2. Therefore, 

rbi rb2 rbi rbi rb2 rb2 

/ / / F 1 {t,T)dt 1 dt 2 dT + / / / F 2 (t,T)dt 2 dTdt 1 
= [ 1 ( [ 1 ( [ 1 \pik a (h - t)\ ■ \g(t)\ ■ \m(r, t 2 )\dh 

Jai \J a.2 \J t 



+ 



+ 



\q\k a {T - ii)| • \g(t) \ ■ \rn(T,t 2 )\dti ) dt 2 ) dr 

bi / fb2 / fb2 



CL\ \J C12 



\p2k a (t 2 -r)\ ■ j/(t)| • \ V2 {ti,r)\dt 2 
+ \q2k a (T-t 2 )\ ■ |/(t)| • \m(ti,T)\dt 2 ^ dr^j dh 

- rbi / fb2 / fbi 
<C 2 C 3 / / / {Plkaih-T^dh 

y«i \J a.2 \Jt 
+ j \qik a (T -t!)\dt^j dt 2 ^j dr 

rbi / rb2 / rb2 

+ C\C 4 / / / \P2k a (t 2 -r)\dt 2 

_J a\ \J CL2 \J r 
+ J 2 \q2k a (T-t 2 )\dt 2 ^j dT^j dh 
rbi / rb2 / rbi—ai 

<C 2 C 3 / / / \pik a (ui)\d Ul 

-J ai \J C12 \J0 
rbi-ai \ \ 

+ J \qik a (ui)\ duA dt 2 \ dr 



bi / rb2 / rb2—a2 



+ CiC 4ii 

'a 2 V-'O 

ffe— Q2 

- / |g2fe a (n 2 )| (iu2 ) ) dti 



|i?2&a(^2)| du 2 

) 

= C2C3 (|pi| + M) ||fc a || (62 " 02)(6i " Oi) 

+ C1C4 (H + |«2|) ||M (62 - a 2 )(h - ai) 
< 00. 

Hence, we can use Fubini's theorem to change the order of integration in 
the iterated integrals: 

dt 2 dti 




ai J a,2 



g(t) (K^m) (t) + /(t) (i^) (t) 
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rb\ rb2 r / rti 

= / ff(t) \Pi / k a (h - T)rn(T,t 2 )dT 

J a\ J 0,2 L V «/ ai 

+ k a (r - t 1 )r] 1 (T,t 2 )dT^ 

+ /(t) fp2 / 2 M*2 " T)T]2(tl,T)dT 

+ I 2 J t K(r -t 2 )m( t i,r)dT S j dt 2 dt 1 

rb 2 / /"bi / 

= / / m(T,t 2 )( Pl k a (h - r)g(t)dh 
+ Qi J k a {r ~ h)g(t)dt^j dr^j dt 2 

rbi / rb2 / />62 

+ / / m(h,T)i P2 k a {t 2 -T)f{t)dt 2 

J ai W a2 \ J t 

+ Q2 jf k a (r - t 2 )f(t)dt 2 ^j dr^j dh 
Vi(r,t 2 ) (T,t 2 )dt 2 dr 

+ r f b2 m(h,r) (k%j) {h,T)dTdh. 



ai J a,2 
bi rb2 



□ 



We are now in conditions to state and prove the main result of the 
paper: the Green theorem for generalized fractional derivatives. 

Theorem 3.2 (Generalized Green's Theorem). Let < a < 1 and 
f,g,i] <G C 1 (A 2 ). Let k a be a difference kernel, i.e., k a (ti,T) = k a (ti — r) 
such that k a € Li([0,6; - a;]), i = 1,2, and K l pl a g, K^ a f € C 1 (A 2 ). 

J l *2 

Then, the following formula holds: 



dt 2 dt\ 



f 1 f 2 \g(t) (B^n) (t) + /(t) fer/) (t) 

Jai Ja2 

= " ^ »/(*) l( A \9) o + (^/) (*)" 



dt 2 dt\ 



+ I v(t) 

JdA 2 



K i p : a g)(t)dt 2 -(K i - a f)(t)dt 1 
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01 J 0.2 



g(t)[Bf, tiV ) (t) + /(t) [B^ n ) (t 



Proof. By the definition of generalized partial Caputo fractional de- 
rivative, Theorem 13.11 and the standard Green's theorem, one has 

dt2<iti 



dt2dti 
dt2dt\ 
dt2dt\ 

□ 



rn 9( < A ^^) (t)+/(t) ( A '^'') (t) 

SI SI \k m (t) + w 2 " {t) (t) 



bi rb 2 



a\ J ci2 



+ & n(t) \(K l p -* a g) (t)dt 2 - U^f) (t)dh 
JdA 2 i\ h / \ *2 / 



ai JS2 



Corollary 3.1. Let < a < 1 and f,g,rj£ C 1 (A 2 ). If (tj^d) (*) 
and {t2h\~ 2 ° f) (*) are continuously differentiable on the rectangle A 2 , then 

^ [5(t) (£ D? lV ) (t) + /(t) (£D^) (t)] di 2 di! 

" 6l ' 2 r/(t) [(^D^) (t) + ( to Dg,/) (t)] dt 2 dt l 

r?(t) [( tl 4r a 5) (t)^ 2 - (* 3 i5r a /) c^i 
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